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There is an amusing and amazing theorem on repeating decimals. It is called “Midy’s Theorem”. We formulate
our own version, and investigate the secret of the theorem.

We found how to know the length of repeating decimals, if the fraction has the Midy’s property ( 999 rule
) which was not mentioned by Midy, and prooved the Midy’s theorm by ourselves. Moreover, we have some
extension of it.
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THH2ThED, a™—1#0 (modn) 7KRODT
a+1=0 $7%bL ™ =-1 (modn)

T, AZE2HTAIEIIZ, a™ % nTHl-7=
CEDHTHY, FOLEDRDIE n—-1 5.

am"=Axn+(n-1) (1)
XBHIZ, BEZORD n—- 12068 DEE2HD m
A RFzHDTHZDT

(n—1)a™=Bxn+1 (2)
EWSERYD .

M+@) T3k

nxa™=(A+B)xn+n
Zhbrb A+B=am-1
N AIRVASH

FRZa=10 D& =213,

a™—1=10"—-1=999 --- 99
m il

T%é@f,%?ﬁlf%é;;KOmT®MMy®
EHDFEH X iz,

Midy DEH DO TR 2MEZ, UMIRT L5, Hi
Re 32502 ETHOS 2 TXDBOHEEDFIR
TE2ZLDGEATE 3.

Theorem 8. a lZEDE n 3T L T3, a+1=0
(mod n) ZA7%F n KD/NSWVIEOEE d BFEL
T, 2d ED/PNXV ML TIEal £ 1K DILT
ﬁ,%f%aﬁmmﬁﬁﬁbttémﬁﬁﬁwﬁéﬁ
B 2dThh, ZorE, 1<kE<d%EHEIEED
BEEIZOWT, EREOHFE L BFHOEE AL, B
d+kHFHOBZ B35 %
A+B=a-1
b,

Proof 4. a? +1=0 (mod n) #&A7%=F n L H/hEw
FEOBBAPFETILRETS. ZOL =
a®—1=(a®+1)(a®=1) =0 (mod n)
M DILE, 2d ED/PNIVIIZHLTIEd £1THS
DT, TD2dHa™ =1 (mod n) %A= THRNDEL
LD T, EREOEXIX2dTH 5.
ZOrE 1SESdILTE, of #1 (mod n)
THAHDT,
a1:q1><n—|—r1

A=axrT=q Xxn+7r

adzaxrd_lzqun—I—Td

Ztiét%o)’l’l, ro, *++y, T'd—1 01‘3_’\\\’C51337‘£D7 +1

LHEZD rg=-1 (modn) &Y rg=n—-1TdH
5. £LT,

atl'=a X1y =qqe1 Xn+Tq01

a2 =a X 1g11 = qayo X N+ a0

a® =a X rog_1 = qag X N+ Tag
ERBLE,

Td4l =TgXT1=—1Xri=n—n

Tdg2 =TgXTe = —1XTr9=n—"g
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Tdtd =Ta XTqg=—1Xrqg=n—1ry4
725D T

et rak =T+ (n—1) =10
ThHh,

ar + adgrr = (@ + qatr) X 1+ (Tk + Tdtk)
= (qr + qark) X n+n
I,
ak+ad+k:ak‘+ak.ad:ak(1+ad)
BDT
a* +a¥* = (g + qupr) xn+n

al+1

ca® = g+ qayr + 1

d
i%im%ﬁf

22T, a®+1=0 (modn) &b

H5b. Fiz,
0=qg=a—-1,0=¢qrSa—1

XY 1< gy +qux L2a—1 7HDT, ZH&D

G+ qark+l=a WX q+qappr=a—1

Midy OEHDOFEERT % DI
MERETORAID m BEAFHICHERTTESE m i
BHE AL, BREOmEICX > TTE S mHifTo%

BrBrIrex
A+B=am -1
ER5. ]

T THold, EBICIZ20EIL-2o00% A, B
DIIET B2 EMTDE a, b I2DWT

at+b=a—-1
MDD Z e bholz. ZOEONEKRTOWEZ
Midy DHE ] 2FERZ 22T 5.

8 nhEBDOLIOD % DB

n MWRMT, FEOEKa b nlZEWIIEE TS, 2
@Z%,w@ﬂ=n—1f%b,%—®aﬁ¢ﬁﬁﬁﬁ
TEIRETOR XD d DIFR/NE L85, 2O X diX
om)=n—10KELK->TEDH, a? =1 (mod n)
&izb.

% MR B R0 1+ n ORI
G qn ERD i, BEZB.

a* % n TH o EOBED qp, ROD 1, THDY
a=q1 Xn+1nr

2

a? =g xn+ry a®>=axr; (mod n)

" =q xn+r, a* =axr,_; (modn)

d

a® = Qg Xn-+rq k

a” =axrp_1 (mod n)

ERHoTWVWD., ZDL X,
R, (n) ={ry} 7 =d" (mod n)

Qa (n) = {ar}
BREAORSIVATHDE DD, 11, 12, -+, Tq

BABEBD, rg=1THY, LEd>T R, (n)idd
@E%%%Oﬁﬁﬁﬁ%ﬁ'@%é.
a =10, n=7®23@7 PRTALS

0. 4 2 8 5 7

7y 1

~NOo =

—n

[NV

T2

— N[00

<~ T3

GOk O

Ty

WO O

—=T7Ts

= oot o
o o

<~ 7T6
ZO%E,

rm=3,1ro=21r3=6,rg=4, r5=5, rg=1
25,

CorE, S OIMENERD S

0. 4 2 8 5 7 1
7) 3.0
2 8
2 0
1 4
6 0
5 6
4 0
3 5
5 0
4 9
10
7
3
t%a
— DFHETr = 3D0HE ZA00HEDhE

n
5, AURDAMBY, ZChoME — OHELR
CZeZEDIRLTWE, 1y, ro, -+, 16 &R CIEIZHR
DPRE > TVE, %hb:ﬂﬁﬁbfﬁql, q2, "', Qe
CRICIETRESRE o TWK.

—Z, T DNUEMEE X &
m>n DY EIXFHDENCE L CEBEE D ERW=5
BoO/NBIERZEEZEZ D Z2IZADT, m<n 2{RE
LTd— e kbizw.

m%Zn CElo TOEE qo, RDEro 35k,

m=qo Xn-+7rg

ERBRICIE m<n2RETSL
HbH. Ok

aXrg=¢q Xn-+rmry

g =0, 1790=mT

aXT]=¢qy XN+7re
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aXTp—1=qr XN+Tk

4 XTq-1=qdXn+7rq
EHD, rypn = ax e LV SIHLRIE - 0L E L
CTH5.
LetinT, = & a NERAT B L B OD
NHRHDIELERIT
mR, (n) = {m x r1, m X rq, C L, M X Te}
(mod n)
&2 5.
T1, T2, L, g I RTERBZZEDH, m x
r1, M X Ta, ,mXrg DIRTELZD, mxrg=
rxl=m&i5s.
Db,
1,2,---,n—1D5%, BR3EHZ
5.

(n—1) %S mR,(n), m =

n—1 -
y [Erop

1§1J1.a:lo,n=7®}:%o)i¢:omﬂi
nz?&i?ﬁtﬁ@’@@(n):nn—1:6
1=0x74+41 = 10x1=1x7+3
10x3=4x74+2 — 10x2=2xT7+6
1I0x6=8x74+44 = 10x4=5xT7+5
10xb=7Tx7+1
750D T, 100 =1 (mod n) & 7% 2HRNDER dI1X
d=26
=1RDTHTmH1,2,3,4,5,6 DOFTHORK
THRDICHNZBUIARF LIRS, Ry (7) =
{3,2,6,4,5,1} THH
R (7) = 3R10 (7) = 2Ry (7)
=6R10(7) =4R10 (7) = 5R10 (7)

n—1

L7zhioT, TRERETZME2 DU TS, LITD L 512k
BADRZ DT TEICIRTHELICRS.

=0.142857 = 0.428571 = 0.285714

= 0.857142 = 0.571428 = (0.714285

N o =
N gl w
~Nlot NN

@JZ.azlo,n:410)Z§®%%ﬁ“C&Jl5
n=41 3B BHEDT p(n)=n—1=40
1=0x4l+1 = 10x1=0x41+10
10x10=2x41+18 = 10x18=4x41+16
10x16=3x41+37 = 10x37=9x41+1
750D T, 104 =1 (mod n) &7&2R/NDEE dI1X
d=5
Ry (41) = {10,18,16,37,1} TH H,
Ry (41) = 10Ry0 (41) = 18Ry (41)
= 16Ry¢ (41) = 37Ry0 (41)

1 . . 10 . . 18 . .
o= 0.02439 o= 0.24390 - 0.43902
16 . .37 . .
o= 0.39024 o= 0.90243

2R10 (41) = {20,36,32,33,2} TH Y,
2Ry (41) = 20Ry0 (41) = 36Ry (41)
= 32Ry0 (41) = 33Ry (41)

2 . . 0 . . 36 . .
o= 0.04878 - 0.48780 - 0.87804
32 . .33 . .
o= 0.78048 o= 0.80487

3Ry (41) = {30,13,7,29,3} TH D,
3Ry (41) = 30Ry0 (41) = 13Ry (41)
= TRy (41) = 29Ry (41)
THDh,
3 . .
— =0.0731
1 = 007317

30 . . 13 . .
—_— = . 1 —_— = . 1
11 0.73130 1 0.31707

7 . . 29 . :
- 0.17073 i 0.70731
FIREIC, 4Ry (41) = {40,31,23,25,4} TH D,
4R10 (41) = 40Ry¢ (41) = 31Ryq (41)
= 23R (41) = 25Ryp (41)

b
4 40 31 23 25

TRTRTR T
DIEBRENCH I FIZ—2FTOThATFNEBFEL B
DA UM .38,

DUTHERRIZ,

5Rio (41) = {9,8,39, 21,5}

6R10 (41) = {19,26,14,17,6)

TR0 (41) = {29, 3,30, 13,7}

11R1o (41) = {28,34,12,38, 11}

15R, (41) = {27,24, 35,22, 15)

ThH%.
% Y3 40 DSEUE, 40 =5 = 8 T OHF L
KD ORI STERETDRE 5.

9 b DINNER

n1 X Ny

L oEmioExsdrsay

n1 X N9
a' =1 (mod ny x ny)

BEARLTRNDIDAdTHS.
al=ni xnexQ+1 THiIhb,
a® =ny x naQ + 1
a® =no xniQ +1
&b a?=1 (mod n)
TH5.

7D a?=1 (mod ny)

n ¥ BEWIEETHEH L &, offR

ni
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1
ﬁ@ﬁé%%,z—®ﬁ%
2
bbb

fHioREzd &35, ¥

'=1 (mod ny) ZALTRNDID d;
a' =1 (mod ny) % AZTRNDIH dy
ZDOEE d &dy DERNRERZE LT 5.
L=dixmy, doxmy &35
a = (af)™ =1 (mod ny)
al = (ag)m2 =1 (mod ng)
L725DT,
al =ni x Q1 +1
ERD, I Qr=noxQ|+R &TBL
ab =ny xny x Q) +ny x Ry +1 (1)
[AERIC
al =ne x Qa+1
ERD, EHITQr " Qr=ni xQL+RLETBE
ab =ny xnyg x Qh+ngy x Ry + 1 (2)
(1H)—-(2) g5k
0=ny xng x (Q) — Q%) +n1 x R —ny X Ry
L7D5T ny xRy =ngxRe—ny xngx (Q) —Qf)
YD, g Ene BHEWIETHZI0S, R lEne
THIDEIME Ze bk s, ZhiD
a’ =1 (mod ny x ny)
TH5.
ZIZT, d>LY2RETHL

adz

TH5.

(mod nq X ng)
a’ =1 (mod ny x ny)
J:b ad—aL:(ad_L—l)adE
al=1&batL-1=1
d—L<Lf&<T% [FRRICHE D IR 3 2 AIRET
d—L<Ltk?%. ZHUXLOERNMEICTFIET 3.
L7 oTd=LTdH5.
PEozehrs, ROEHES?.

(mod ny X no)

. 1
Theorem 9. ny ¥ no BHWIERTHD L E, — D
n1

i3 @ﬁé%m,;L@ﬁ BHOES% dy 55

L DIEER w@ﬁéd@
n1 X N9

d = LCM (dy, ds)
ny }_’. N9 7b§fLL\&:$’C“7§CL\Z ?:", W’Jibip %;ﬁ@(}:
1
LTn =ny=pDL XU, > DERFAIOR X %

desdk,

pXxd
BV FHEER o TWS.

i 3. .
(1) 47®ﬁ RETOR XX 6 THD

ﬁf@ﬁ B E X%

o PEREORSE2=Tx6TH5.

) %?@ﬁ%ﬁ@%é@6f%b

1

1312
3) = Of
(3) a7 fRER

372

DIEBRHIORXIZT8=13x6TH 3.
RETOEXIX3THD
DIEBREHDOEXIZ111 =13 x3TH A3

1 1

%4'O)§T: T

3X7:00Mm9f%b,Mmy®%ﬁ@%#rﬁ

REIORINPEE 2d) 2L TW5E. bBAA%

RIIBB TR TERTH 20, HEEREION
A=047, %¥ %2 B=619 53¢
A+ B =047+ 619 = 666

i, 999 Tl wai, 6233 iR,

DIFERETIZDOWT

ZHZDWTIE, RO X 5 REHEIMA 28 % fif <
S LRV EEZ TS
1000 =21 x A+ 13 =21 x 47+ 13 (1)

13 x1000=21x B+1=21x619+1 (2)
)+ 2 rFaL

(1+13) x 1000 = 21 x (A + B) + (13 + 1)
2 x 999
kb A+B="

A+BTIERLT, fiZITMATIRRINES:
MMidy OB | o Tz, ZAUINTZ & TIEED
MWD A+ BOERE LTE661I1CKE2 VIR
T Midy O55%E TH 3.

:@ﬁ%@A+B:gi—gﬁ¥ﬁKﬁéi5K&
XX NDT, 999 DRE L DEIRIZZ 2 & HEZ TV

5.
1 1

2 — = —
(2) 259 7 x 37
=0.003861 TH b,

DIFERETIZDOWT

H5.
1000 = 259 x A + 158 = 259 x 003 + 158 (3)
158 x 1000 = 259 x B+1=259 x 61 + 1 (4)
B+ rFre
(1+ 158) x 1000 = 259 x (3 + 61) + (158 + 1)
159 x 1000 = 259 x 64 + 159

TIT, 224=25x7 999 =33x37 259 =7x37
224 x 999
A+B="—"—=2"x3

£h 559 X 3

kb A+ B=23864
FREREKRNBIRD D2 L5 TH 5.

10 EBZEXEK

[1JE.Midy 1836,
De Quelques Proprieies des Numbres et des Fractions

Decimales Periodiques,Nantes, 1836
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